LARGE DEVIATIONS FOR THE BOUSSINESQ EQUATIONS 
UNDER RANDOM INFLUENCES 



JINQIAO DUAN AND ANNIE MILLET 

Abstract. A Boussinesq model for the Benard convection under random influ- 
ences is considered as a system of stochastic partial differential equations. This is 
a coupled system of stochastic Navier-Stokes equations and the transport equation 
for temperature. Large deviations are proved, using a weak convergence approach 
based on a variational representation of functionals of infinite-dimensional Brow- 
nian motion. 



1. Introduction 

The need to take stochastic effects into account for modeling complex systems has 
now become widely recognized. Stochastic partial differential equations (SPDEs) 
arise naturally as mathematical models for nonlinear macroscopic dynamics under 
random influences. It is thus desirable to understand the impact of such random 
influences on the system evolution [24, 8, 20]. 

The Navier-Stokes equations are often coupled with other equations, especially, 
with the scalar transport equations for fluid density, salinity, or temperature. These 
coupled equations (often with the Boussinesq approximation) model a variety of phe- 
nomena in environmental, geophysical, and climate systems [9, 10, 17]. We consider 
the Boussinesq equations in which the scalar quantity is temperature, under differ- 
ent boundary conditions for the temperature at different parts (top and bottom) of 
the boundary. This is a Benard convection problem. With other boundary condi- 
tions, the Boussinesq equations model various phenomena in weather and climate 
dynamics, for example. We take random forcings into account and formulate the 
Benard convection problem as a system of stochastic partial differential equations 
(SPDEs). This is a coupled system of the stochastic Navier-Stokes equations and 
the stochastic transport equation for temperature. 

In various papers about large deviation principle (LDP) for solutions u e to SPDEs 
or to evolution equations in a semi-linear framework [3, 5, 4, 6, 14, 15, 18, 21, 26], the 
strategy used is similar to the classical one for diffusion processes. A very general 
version of Schilder's theorem yields the LDP for the Gaussian noise \J~eW driving 
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the stochastic forcing term, with a good rate function / written in terms of its re- 
producing kernel Hilbert space (RKHS). However, since the noise is not additive, 
the process u £ is not a continuous function of the noise, which creates technical 
difficulties. As if the contraction principle were true, one defines deterministic con- 
trolled equations Uh which are similar to the stochastic one, replacing the stochastic 
integral with respect to the noise yfeW by deterministic integrals in terms of ele- 
ments h of its RKHS. Once well-posedness of this controlled equation is achieved, 
one proves that solution u £ to the stochastic evolution equation satisfies a LDP with 
a rate function / defined in terms of I and of Uh by means of an energy minimiza- 
tion problem. In order to transfer the LDP from the noise to the process, there are 
two classical proofs, each of which contains two main steps. One way consists in 
proving a continuity property of the map h t— > Uh on level sets of the rate function 
/ and then some Freidlin- Wentzell inequality, which states continuity of the process 
with respect to the noise except on an exponentially small set. Another classical 
method in proving LDP for evolution equations is to establish both some exponential 
tightness and exponentially good approximations for some approximating sequence 
where the diffusion coefficient is stepwise constant. These methods require some time 
Holder regularity that one can obtain when the diffusion coefficient is controlled in 
term of the L 2 -norm of the solution, but not in the framework we will use here, 
where the bilinear term creates technical problems. An alternative approach [11] for 
large deviations is based on nonlinear semi-group theory and infinite-dimensional 
Hamilton-Jacobi equations, and it also requires establishing exponential tightness. 

The method used in the present paper is related to the Laplace principle. One 
proves directly that the level sets of the rate function I are compact and then 
establishes weak convergence of solutions to stochastic controlled equations written 
in terms of the noise y/eW shifted by a random element h e of its RKHS. This 
is again some kind of continuity property written in terms of the distributions. 
Unlike [22] , well-posedness and a priori estimates are proved directly for very general 
stochastic controlled equations with a forcing term including a stochastic integral 
and a deterministic integral with respect to a random element h e of the RKHS of 
the noise, and for diffusion coefficients which may depend on the gradient. Indeed, 
if the well-posedness for the stochastic controlled equation can be deduced from 
that of the stochastic equation by means of a Girsanov transformation, the a priori 
estimates uniform in e > 0, which are a key ingredient of the proof of the weak 
convergence result, cannot be deduced from the corresponding ones for the stochastic 
Benard equation since as e — > 0, the p > 1 moments of the Girsanov density go to 
infinity exponentially fast. Well-posedness has been proved in [12] for the stochastic 
Boussinesq equation only in the particular case of an additive noise on the velocity 
component. This weak convergence approach has been introduced in [1, 2]. This 
method has been recently applied to SPDEs [22, 25] or SDEs in infinite dimensions 
[19]. Finally note that the proofs of the weak convergence and compactness property 
require more assumptions on the diffusion coefficient a which may not depend on 
the gradient. Indeed, in order to prove convergence of integrals defined in terms of 
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elements h e of the RKHS of the noise only using weak convergence of h £ , we also 
need to deal with localized integral estimates of time increments. With additional 
assumptions on the diffusion coefficient we are able to provide complete details of 
the proof of this statement which was missing in [22] . 

This paper is organized as follows. The mathematical formulation for the stochas- 
tic Benard model is in §2. Then the well-posedness and general a priori estimates 
for the model are proved in §3. Finally, a large deviation principle is shown in §4. 

2. Mathematical formulation 

Let D = (0, 1) x (0, 1) be a rectangular domain in the vertical plane. Denote by 
x = (xi,x 2 ) the spatial variable, u = (u±,u 2 ) the velocity field, p the pressure field, 
8 the temperature field, and (ei, e 2 ) the standard basis in R 2 . 

We consider the following stochastic coupled Navier-Stokes and heat transport 
equations for the Benard convection problem [13]: 

d 

—u £ + u £ -Vu £ -v&u £ + Vp £ = 9 £ e 2 + Ve n^t), V-u £ = 0, (2.1) 
at 

^6 £ + u £ -V9 £ -u £ 2 - kA8 £ = VEn 2 (t), (2.2) 

with boundary conditions 

u £ = & 8 £ = on x 2 = and x 2 = 1, (2.3) 

u £ ,p £ ,6 £ ,u xi ,9 xi are periodic in x\ with period I, (2-4) 

where n\,n 2 are noise forcing terms and e > is a small parameter. 

We consider the abstract functional setting for this system as in [13, 12]; see also 
[7, 23]. Let L 2 (D) be endowed with the usual scalar product and the induced norm. 
Consider another Hilbert space of vector-valued functions: 

L 2 (D) ={u G L 2 (D) 2 , V-n = 0, u\ X2= q = u\ X2= ± = 0, u is periodic in x\ with period 1} 
L 2 (D) ={0 G L 2 (D), 9\ X2= o = 9\ X2 =i = 0, 6 is periodic in x\ with period 1} 

■ 2 

Let H = L (D) x L 2 (D) be the product Hilbert space. We denote by the same 

■ 2 

notations, (•, •) and | • |, the scalar product and the induced norm, in L (D), L 2 (D) 
and H, 

(0,vo= / HxMx)dx, |0| = vTO) = V\W+W- 

Jd 

Define V = V\ x V 2 , where 

V\ ={v G H 1 (D) 2 : V-f = 0, v\ X2 =o = v\x 2 =i = 0; v is periodic in x\ with period I}, 

V 2 ={/ G ^(D) : f\ X2=0 = f\ X2 =i = 0; / is periodic in xi with period I}. 

Then V is a product Hilbert space with the scalar product and the induced norm, 

((<M))= / v^-v^x, W\\ = y/UMfi= V\\M 2 + U2\\ 2 , 

Jd 
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where, to ease the notation, the space variable x is omitted when writing integrals 
on D. Again, we also use the same notations for the scalar product and the induced 
norm in V\ and V 2 - Let V be the dual space of V. We have the dense and continuous 
embeddings V H = H' V' and denote by (<f>, ip) the duality between (j> G V 
(resp. Vi) and <p G V (resp. V-). Recall that there exists some positive constant c\ 
such that for u G V±, 9 G V2, 

|u|| 4 (£))2 < ci |«| and |0|x,4m) < ci |0| (2-5) 

Furthermore, the Poincare inequality yields the existence of a positive constant c 2 
such that 

H<c 2 |H|, vv> g v. (2.6) 

To lighten the notations, we will set for = (u, 9), u G L 4 , 9 G L 4 and G -L 4 for 
vectors of dimensions 2,1 and 3 whose components belong to L 4 (D) and denote the 
corresponding norms by | |^4. 

Consider an unbounded linear operator A = (vAi, kA 2 ) : H — > H with D(A) = 
D(Ai) x D(A 2 ) where D(^i) = Vx n H 2 (D) 2 , D(A 2 ) = V 2 n H 2 (D) and define 

(Ai«,t;> = ((«,«)), (A 2 M) = ((M)), Vn, V G VM G £>(A 2 ). 

Both the Stokes operator and the Laplace operator ^4 2 are self-adjoint, positive, 
with compact self-adjoint inverses. They map V to V' . We also introduce the 
bilinear operators B\ and B 2 as follows: for u,v,w G V\ and 9,r] € V 2 , 

(Bi(u,v),w) = / [u-VfJwdx := 2, / UidiVj Wjdx, 

JD i,J=l,2 JD 

(B 2 (u,9),7]) = [ [u-V9]r 1 dx := V / u i d i 9r 1 dx. 
Jd i=12 Jo 

With the notation e = (u £ ,9 e ) and under the above formulation, we assume that 
the noise terms n\ and n 2 are respectively ai{t,<j))-§- t W l {t) , er 2 (t, <p)-§- t W 2 (t), where 
VF 1 (t), l^ 2 (t) are independent Wiener processes defined on a filtered probability 

■ 2 

space (f2, J 7 , .Ft, P), taking values in L and L 2 (D), with linear symmetric positive 
covariant operators Q\ and Q 2 , respectively. We denote Q = (Qi, Q 2 ). It is a linear 
symmetric positive covariant operator in the Hilbert space H. We assume that 
Qi,Q 2 and thus Q are trace class (and hence compact [8]), i.e., tr(Q) < 00. 
As in [22], let Hq = Q2H. Then Hq is a Hilbert space with the scalar product 



(0,^)o = (Q—*(/),Q-^), V<MGi?o 



together with the induced norm | • |o = \f (•, -)o- The embedding i : Hq — ► H is 
Hilbert-Schmidt and hence compact, and moreover, i i* = Q. 

Let Lq be the space of linear operators S such that SQz is a Hilbert-Schmidt 
operator (and thus a compact operator [8]) from H to H. The norm in the space 
Lq is defined by \S\ 2 L = tr(SQS*), where 5* is the adjoint operator of S. 
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Note that the above formulation is equivalent to projecting the first governing 
equation from L 2 {D) 2 into the "divergence-free" space and thus the pressure term 
is absent. With these notation, the above Boussinesq system (2.1)-(2.2) becomes 



du £ + [vA lU £ + B 1 {u £ ,u £ )-6 £ e 2 ]dt = £7i(i,<f) dW x {t), (2.7) 

dO e + [kA 2 9 £ + B 2 (u £ ,9 £ )-u £ 2 ]dt = ^a 2 {t,f) dW 2 (t). (2.8) 
Thus, we write this system for <\f = {u £ , 9 £ ) as 

d<j) £ + [A4> £ + B{(f> £ )+R<i) £ ]dt = ^a(t,cj) £ )dW(t), e (O)=f :=(«§, 0§), (2.9) 
where W{t) = {W l {t), W 2 {t)) and 

A<p = (vA iU ,kA 2 6), (2.10) 

B{<j>) = (B\ (u, u),B 2 (u, 9)), (2.11) 

Rcf) = {-9e 2 ,-u 2 ), (2.12) 

a{t,<j>) = {(T 1 {t,<f>),a 2 {t,4>)). (2.13) 



The noise intensity d:[0,T]xV-> Lq{Hq, H) is assumed to satisfy the following: 

Assumption A: There exist positive constants K and L such that 

(A.l) a 6 C([0, T] x H;L Q {H ,H)) 

(A.2) \a{t^)\l Q <K{i + U\\ 2 ), ViG[0,T] ,\/<j>eV. 

(A.3) \a{t,<l>)-a{t^)\l Q <L||^-V|| 2 , Vt G [0, T], V0, V G V. 

In what follows, to ease the notation, we will suppose that a(t, (ft) = cr(0); however, 
all the results have a straightforward extension to time-dependent noise intensity 
under the assumption A. When no confusion arises, we set L p := L P {D) for 1 < p < 
+oo and denote by C a constant which may change from one line to the next one. 

3. Well-posedness 

The goal for this paper is to show the large deviation principle for (4> £ ,e > 0) as 
e — > 0, where (fr £ denotes the solution to the stochastic Benard equation (2.9). 

Let A be the class of Hq— valued {Ft)— predictable stochastic processes (j) with the 
property J Q T |^(s)|gds < oo, a.s. Let 

5 A / = [h G L 2 {0,T;H ) : £ \h{s)\ 2 ds < m}. 

The set Sm endowed with the following weak topology is a Polish space (complete 
separable metric space) [2]: d\{h,k) = X)£i^|/o — ^( s )> &i{ s )) ds\ , where 

{ej(s)}^ 1 is a complete orthonormal basis for L 2 (0,T; Hq). Define 

Am = {</> G A : 4>{uj) £ S M , a.s.}. (3.1) 

As in [22], we prove existence and uniqueness of the solution to the Benard equation. 
However, in what follows, we will need some precise bounds on the norm of the 
solution to a more general equation, which contains an extra forcing (or control) 
term driven by an element of Am- These required estimates cannot be deduced from 
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the corresponding ones by means of a Girsanov transformation. More precisely, let 
h G A, £ > and consider the following generalized Benard equation with initial 
condition <f>f,(0) = £• For technical reasons, we need to add some control in the 
forcing term, with intensity a G C([0, T] x H; Lq(Hq, H)) satisfying similar stronger 
conditions: 

Assumptions A: There exist positive constants K and L such that: 

(A.l) \a{tA)\l Q <m + \<i>\l±), VtG [0,T], V^L 4 (D) 3 . 

(A.2) \5M)-Z{t,rl>)\l Q <L\<i>-il,\lt, VtG [0,T], V^VG^P) 3 - 

Notice that since V C L 4 (D) 3 , the assumption A is stronger than A. For a , 

<t G C(H; Lq(Hq, H)) which satisfy Assumptions A and A respectively, set 

d4i(t)^M%(t)+B(<f>%(t))+R^%(t)]dt = V^<r(4> £ h (t))dW(t)+a(4> £ h (t))h(t)dt. (3.2) 

Recall that a stochastic process 4> e h (t,uj) is called the weak solution for the gener- 
alized stochastic Benard problem (3.2) on [0, T] with initial condition £ if <f> £ h is in 
C([0,T];H) nL 2 ((0,T);V), a.s., and satisfies 

(<mV0 - + / M(s),A^) + <B(^( S )),V> + 

JO 

= v^/ {a(<i) £ h {s))dW{s)^)+ f (a(c/>%(s))h( S ) , ip) ds, a.s., (3.3) 

JO JO 

for all ^ G -D(^4) and all t G [0, T]. In most of the analysis here, we work in the 
Banach space X := C([0,T];H) n L 2 ((0,T);V) with the norm 

U\\x = { sup |^)| 2 + [ T U(s)\\ 2 ds}\ (3.4) 

1 0<s<T JO J 

Theorem 3.1. (Well-Posedness and A priori bounds) 

Fix M > 0; then there exists Eq := £q{v,k,K,L,K,L,T,M) > 0, such that the 
following existence and uniqueness result is true for < e < £q. Let the initial 
datum satisfy E|£| 4 < oo, let h G Am an d s G [0,£o]; then there exists a pathwise 
unique weak solution <ft £ h of the generalized stochastic Benard problem (3.2) with 
initial condition 0f t (O) = £ G H and such that a.s. Furthermore, there exists 

a constant C\ := C\{y, k, K, L, T, M) such that for e G [0, £o] ind h G Am, 

EUl\\\<l+E( sup W h (tt+ f W h {t)t dt) KC^l + E^). (3.5) 
v 0<t<T JO 7 

Remark 3.2. Note that if a = 0, i.e., when the noise term is absent, we deduce 
the existence and uniqueness of the solution to the "deterministic" control equation 
defined in terms of an element h G L 2 ((0,T); Hq) and an initial condition £ G H 

d<p{t) + [A(j)(t) + B{(j){t)) + R<f>(t)] dt = a((j){t))h(t)dt, <p(0) = £. (3.6) 

If h E Sm, the solution <fi to (3.6) satisfies 

sup \<j>(s)\ 2 + [ T U^fdsKC^^K^^M,^). (3.7) 

0<s<T JO 
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Remark 3.3. Finally, note that when (j) e h is a solution to the stochastic Boussinesq 
equation (2.9), a similar argument shows that Theorem 3.1 holds for any e > if 
the coefficients a (resp. a) belong to C([0, T] x H; Lq{Hq, H)) and are such that in 
the upper estimates of the LQ-norm appearing in the right-hand sides of conditions 
(A.2) and (A..3) (resp. (A..1) and (A..2), one replaces the V (resp. the L 4 ) norms 
of <j) and (j) — ip by their H -norms. 

Indeed, in that case, for any fixed e > 0, the control of the V -norm of the solution, 
or of its finite- dimensional approximation, only comes from the operators A and B. 
Thus Lemmas 3.6 and 3.7 below prove that for a small enough, the V -norm can be 
dealt with. 

The proof of this theorem will require several steps. The following lemmas gather 
some properties of B\ and B 2 . We refer the reader to [7] or [23] for the results on 
B\ which are classical and sketch some proofs of the corresponding results on B 2 . 

Lemma 3.4. For u,v,w G V\ and 9,r/ G V 2 , 

= 0, {B 2 (u,0),9) = 0, 

= -{Bxfawlv), (B 2 {u,9), V ) = -(B 2 (u, V ),9). 

Let u G Vx, G V 2 and <j> = (u,0) G V; note that \<j)\ 2 = \u\ 2 + \9\ 2 and \\(f)\\ 2 = 
\\u\\ 2 + ||#|| 2 . The following lemma provides upper bound estimates of B\ and B 2 . 

Lemma 3.5. Let c\ denote the constant in (2.5); then for any u G V\, 6,i] G V 2 
and 4> = (u,9), one has 

\Bi(u,u)\y_> < \u\ 2 Li < ci\u\ \\u\\, (3-8) 

\(B 2 (u,9),ri)\ < \u\ L ,\9\ L ,\\ V \\ < Cl |0| \\<t>\\ \\r,\\. (3.9) 

Proof. We only check the properties on B 2 . For (j) = (u, 9) G V and r\ G V 2 , Lemma 
3.4, Holder's inequality, and (2.5) imply 

\(B 2 (u, 9),r))\ = \(B 2 (u,rf),9)\ < \\<n\\ \u\ l a \9\ L 4 < ci\\n\\ \u\^\\u\\ 2 

This yields (3.9). □ 

Lemma 3.6. Let <ft = (u,9) G V, and let v G L 4 (D) 2 and rj G L 4 (D). For any 
constant a > 0, the following estimates hold: 

33 c 2 

\{Bi(u,u),v)\ < a||n|| 2 + ii -| \u\ 2 \v\ 4 Li , (3.10) 

\{B 2 {<t>U)\ < «II^II 2 + ^|h 2 N! 4 - (3.11) 

Proof. We only check (3.11). The first part of (3.9) and Young's inequality yield 

\(B 2 ((j)),r))\ = \{B 2 (u,rj),9)\ < \q\ L * \u\ L * \V9\ L 2 < v^T kli* W\h l Vu li l W l^ 2 

<^\v\ L *Mh ^ «ll^ll 2 + ^|H 2 Ni- 

□ 
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The following lemma allows rewriting differences of B{ for i = 1,2 and deducing 
estimates for the difference of B. 

Lemma 3.7. Let eft = (u,9) and ip = (v,rj) belong to V . Then 

(Bi(u,u) — Bi(v,v),u — v) = —{B\(u — v,u — v),v), 
(B 2 (c/))-B 2 (ip),9-ri) = -(B 2 (<f> -,/;), v ). 
Furthermore, for some constant c > and for any constant a > 0, 

i(b(0)-b(^),^-v)i < c^-^u-mm (3.i2) 

< aU-n 2 + ^\<t>-M 2 \<±- (3-13) 
Proof. Integration by parts, the boundary conditions and div{u) = V • u = yield 
{B 2 {<j)) -B 2 (ip),9-rf) = [ (u.Ve){6-rj)dx- I (v.Vrj){6 - rj)dx 

JD JD 

'u.V(6 -rj))edx+ / (v.V(6 - rj))rjdx 

D ' JD 

Since (B 2 (u,w) , w) = f D (u.Vw)wdx = for any w € V 2 , we deduce that 

(B 2 {4>)-B 2 {xl>),0-rj) = - [ (u.V(9-rj))r)dx+ [ (u.V(0 - ri)) v dx, 

JD JD 

which completes the proof of the second identity. The proof of the first one, which is 
similar and classical, is omitted. Finally, combining these identities with the upper 
estimates in Lemmas 3.5 and 3.6 concludes the proof. □ 

For 4> = (u, 6) S V, define 

F(<f>) = -A<t>-B(<f>)-R(l>. (3.14) 
We at first prove crucial monotonicity properties of F. Let v A k := min(z^, k). 

Lemma 3.8. Assume that (j> = (u,6) G V and ip = (v, rj) G V ; then for some 
constant c > we have 

(F(<f>) - F(V), 4> - ip) + iy A as) ||^ - VII 2 < c \<f> - VI H - VIIIIVII + 10 - VI 2 - (3.15) 

Proof. Set U := u — v, := 9 — rj and $ = (f> — ip = (U, 0). Integrating by parts we 
deduce from Lemma 3.7 

(F((f>) - F(V), = -^II^H 2 - k||0|| 2 - {Bi{U, V),v)- (B 2 (<Z>), v ) + 2{U 2 , 0). 

Thus (3.12) yields (3.15). □ 

The proof of Theorem 3.1 involves Galerkin approximations. Let {<p n }n>i be 
a complete orthonormal basis of the Hilbert space H such that <p n G Dom(A), 
domain of definition of the operator A. For any n > 1, let H n = span((pi, ■ ■ ■ , ip n ) C 
Dom(A) and P n '■ H — > H n denote the orthogonal projection onto H n . Note that 
P n contracts the H and V norms and that its norm as a linear operator of L 4 (D) 3 
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is bounded in n. Suppose that the H— valued Wiener process W with covariance 
operator Q is such that 

PnQ 1 * = Q'zPn, TI>1, 

which is true if Qh = Xm>i ^n<Pn with trace X^n>i < 00 • Then for Hq = Q?H 

and (0,Y>)o = (Q~^(j),Q~2'4>) given (f>,ij) € Hq, we see that P n : Hq ^ HqH H n is a 
contraction both of the if and £fo norms. Let VF n = P n W, a n = P n a and cr n = P n a. 

For /i G «4jvf, consider the following stochastic ordinary differential equation on 
the n-dimensional space H n defined by 

d(4>n, h , 1>) = [Wk,hM) + (<rn(<&, h )h, VO] dt + yfl {a n {4>^ h )dW n , V>), (3.16) 

for ip = {v, rj) G iT n and <^(0) = P n £. 

Note that for ip = (v,rj) G V, the map ^ G iif n 1— > ((-A + R)((f>), ip) is globally Lips- 
chitz, while using Lemma 3.5 the map (ft = (u, 9) G H n \— > Y2i j=i 2 Id Ui v i ® iU J dx + 
Yli=i 2 Id Ui V ^ ® dx is locally Lipschitz. Furthermore, conditions (A. 3) and (A. 2) 
imply that the maps <f> G H n — > o~ n (4>) and <p G H n — > a n (4>) are globally Lipschitz 
from H n to n x n matrices. Hence by a well-posedness result for stochastic ordinary 
differential equations [16], there exists a maximal solution to (3.16), i.e., a stopping 
time h <T such that (3.16) holds for t < r^ h and as t ] t £ h < T, \<fr £ n h (t)\ — ► 00. 
For every iV > 0, set 

r^ = inf{<: |< h (t)| > N} A T. (3.17) 

Almost surely, (f>^ h G C([0, T], if n ) on {tat = T}. The following proposition shows 
that h = T a.s. and gives estimates on (jf n h depending only on the physical 

constants v and k, K, K, T, M, E|£| 2p which are valid for all n and all e G [0,£o] 
for some £0 > 0. Its proof depends on the following version of Gronwall's lemma. 

Lemma 3.9. Let X, Y and I be non- decreasing, non-negative processes, ip be a non- 
negative process and Z be a non-negative integrable random variable. Assume that 
Jq ip(s) ds < C almost surely and that there exist positive constants a,/3< 2 (i+Ce c ) ' 
7 < 2 (i+Ce c ) an d C > such that for < t < T, 

X(t)+aY(t) < Z+ [ <p(r)X(r)dr + I(t), a.s. (3.18) 

Jo 

E(J(t)) < f3E(X(t)) + 7 E(Y(t))+C. (3.19) 

Then if X € L°°([0,T] x Q), we have for t G [0,T] 

E [X(t) + aY(t)] < 2(1 + Ce c ) (E(Z) + C) . (3.20) 

Proof. Iterating inequality (3.18) and ignoring Y , an induction argument on n yields 
for t G [0,7], n > 1 

X(t) < Z+ f ip(sx)\z+ [ 1 ip{s2)X(s 2 )ds2 + I{s 1 )\ds 1 +I(t) 
Jo L Jo J 
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< z +i(t)+ / ^l) / <PM 



Kk<n 



Sfc-l 



<p(s k ) [Z + I(sjfc)] dsjfc • • • tfe] 



+ / <^(si) / v?(s 2 )-- - / ^(s n+ i)X(s n+ i)ds n+ ids n ---dsi. 



Recall that X(s,u;) is a.e. bounded and J tp(s) ds < C; thus X(t) < e c [Z + I(t)\. 
Using this inequality in (3.18) and the fact that / is non-decreasing, we deduce that 
X(t) + aY(t) < [Z + 1(f)] (l + Ce c ). Taking expected values and using (3.19), we 
conclude the proof. □ 

Proposition 3.10. There exists £o,p := £o,p{y, K > K, K, T, M) such that for < e < 
£o, p f/ie following result holds for an integer p > 1 (raf/i f/ie convention x = 1). Let 
h £ Am and £ G L 2p (£l,H). Then T n ^ = T a.s. and equation (3.16) has a unique 
solution with a modification 4>lh £ C([0, T], H n ) and satisfying 

rp 

su P E( sup \J>l h (t)\ 2p + IKhWlH^hWI 2 ^ 1 ^ 
<C(p,i/, K ,K,K,T,M)(E|e| 2p + l). 



Proof. Ito's formula yields that for i € [0, T] and tat defined by (3.17), 

rtAr N 

\<t>n,h(t^T N )\ 2 = \P n £\ 2 + 2^ / {a n {f n>h {s))dW n {s),<jf n>h {s)) 

Jo 



(3.21) 



(3.22) 



t/\T N 



[F{4> £ n As))Al h {s))ds + 2 



t/\T N 



CT 



t/\T N 



Wn(4>i h (s)) P n \l a ds. 



(s))h(s),<Pl h (s))ds 

(3.23) 



Apply again Ito's formula for x v when p > 2 and then use Lemma 3.4. With the 
convention p(p — l)x p ~ 2 = for p = 1 , this yields for t £ [0, T], 



fATjv 



fc (i A 7>r)|* + 2p / I^Jr)! 2 ^ 1 ) |>K fc (r)|| 2 + K\K jh (r)\\ 2 ] dr 



i<i<5 



(3.24) 



where 



Ti(t) 
T 2 (t) 
Ts(t) 



tAT N 



4p 
2p 



l(^>)X, fc >))IK*(OI 2M *-, 



Mtjv 



0"r 



iArjv 



(^ h (r))d^ n (r),^ h (r)) K^r)^" 1 ) 
l(*»(#U(r)) M0,C ft (r))| K/itol^dr, 
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/■Mrjv 

Ut) = pe J Wn(^ n , h (r)) Pn\l Q W n , h {r)\ 2 ^dr, 

rtAT N 

T s (t) = 2p(p-l)e |n„<(^(r))^ A (r)|| |^(r)| 2 ^- 2 )dr. 
J o 

The Cauchy-Schwarz inequality implies that 2 \{6 £ n h (r), u £ n h 2 (r)) | < |^/j(^)| 2 - Hence 

rtAr N 

T 1 (t)<2p \<j>l h (r)\ 2 Pdr. (3.25) 

J o 

Since /i G «4a/> the Cauchy-Schwarz inequality, (A. 2), (2.5) and the Poincare in- 
equality (2.6) imply the existence of some positive constant c such that for every 
*i>0, 

rtf\T N 1 

T 3 (t) < 2p / [K(l + c||<^(r)|| 2 )p \h(r)\ \^ h {r)\ 2 ^ l dr 
Jo 

<Si / Ul, h {r)\\ 2 \^ h {r)\ 2 ^- l Ur + P -— / \h(r)\ 2 W n , h {r)\ 2 *> dr 
Jo °i Jo 

+ Si / \<Pl h (r)\ 2 ^dr. (3.26) 



Using (A. 2), we deduce that 

rtATN 



rtATN 

Ut)+T 5 (t) < 2p 2 Ke W n , h {r)tW n , h {r)\ 2 ^dr 

Jo 

rtATN 

+2p 2 Ke \^ h (r)\ 2{p - 1] dr. (3.27) 

J o 

Finally, the Burkholder-Davies-Gundy inequality, (A. 2) and Schwarz's inequality 
yield that for t £ [0, T] and 5 2 > 0, 



E( supjr 3 (s)|) < 6pv^E{ jf l^(r)! 2 ^- 1 ) |a n ,,(^(r)) P n || Q dr} 2 

<5 2 E( sup I^Wrt+^Ep ^(r)^ 1 )* 



IC^)| 2P )+^E / 

'0<s<tATjv 
n 2 jy-_ rtATN 

+ E / ||C(r)|| 2 KfcWI^dr. (3.28) 

Consider the following property J(i) for an integer i > 0: 

I(i) There exists £o,i := eo.i^i K > T, M) > such that for < e < Eq.i 

rtAT N 

supE / \<p e njh (r)\ 2l dr < C{i) := C(i,v,K,K,K,T,M) < +oo. 
n Jo 

The property 1(0) obviously holds with eo,o = 1 and C(0) = T. Assume that for 
some integer i with 1 < i < p, the property I(i-l) holds; we prove that I(i) holds. 
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Set S 1 = ^(r) = 2* + ^\h(r)\ 2 , Z = 5, ft" \^ h (r)\^dr + 

X(t) = su Po < s < t \^ n>h (sAr N )\ 2i , Y(t) = \\^ h (s)\\ 2 W njh {s)\ 2 ^ ds and I(t) = 

S u Po < s <,2^j/d ATiV M^fcto) dW n {r)Al, h {r)) \<% th (r)\ 2 W 
Then J Q T (pi(s)ds < Ci(M) := 2iT + ^M. Let a = i(u A k), (3 = 5 2 = 
-, 1 — , and C = ^E ( n r ^ |C fcfa)! 2 ^ 1 ^. Let 

V A K V A K 

£ °' J = A W A 144iK[l + C i (M)e^W]2 Ae °' i - 1 ' 

Then for < e < eo,t inequalities (3.24)-(3.28) show that the assumptions of Lemma 
3.9 hold with 7 = < (*P, which yields I(i). 

An induction argument shows that I(p — 1) holds, and hence the previous com- 
putations with i = p and Lemma 3.9 yield that for t = T and < e < £o p , 

supE( sup 1^(8)1*+/'* IKhWlP^hWI 2 ^ 1 ^) <C{p,u,n,K,K,T,M). 

n x 0<s<r N JO ' 

As iV -> 00, tat t r nih and on {r n ^ < T}, sup < s < Mrjv \4> n ,h( s )\ ^ 00 • Hence 
P(Tn,ft < = and for almost all w, for iV(u;) large enough, t n ^(uj) = T and 
<f) nt h(.)(uj) G C([0, T], By the Lebesgue monotone convergence theorem, we 
complete the proof of the proposition. □ 

We now have the following bound in L 4 (Z)) 3 . 

Proposition 3.11. Let h G Am and £ G L 4 (9,H). Let £0,2 fre defined as in 
Proposition 3.10 with p = 2. T/ien i/iere exists a constant C2 ■= C^iy, k, K, K, T, M) 
such that for < e < £0,2, 

supE [ T \<f>l h (s)\i 4 ds < C 2 (l + E|£| 4 ). (3.29) 
n Jo 

Proof. Let f n ,h(t) = Un,h,i{^) or #n fe(*)> w ith i = 1,2. Then (3.21) with p = 2 implies 
that 

supE f T \\f n , h (s)\\ 2 \f n!h (s)\ 2 ds <C 2 (u,k,K,K,T,M)(1+M\^\ 4 ). 

n Jo 

Hence by the second part of (3.8), we finish the proof of (3.29). □ 

The following result is a consequence of Itos formula; it will be used in what 
followe for various choices of coefficients. 

Lemma 3.12. Let £ £ L 4 (Q,H) be To -measurable, p' : [0,T] x 9. -> [0 + oof 6e 

adapted such that for almost every uj the map t — > p'(t,u) G L 1 ([0,T]) and for 
t G [0, T], set p{t) = Jq p'(s)ds. For i = 1,2, let o~i satisfy assumption (A.l), Oi G 
C([0, T] x H,Lq) and let a satisfy Assumption A. Let F satisfy condition (3.15), 
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h £ £ A M and fa £ L 2 ([0, T],V)H L°°([0, T],H) a.s. and be such that fa(0) = £ and 
satisfy the equation 

dfa(t) = F{fa{t))dt + y/e<n(t, fa{t)) dW(t) + (a(t, fa{t))h £ {t) + o-i(t)) dt. (3.30) 

Let 3> = fa — fa and c\ and c 2 denote the constants in (2.5) and (2.6) respectively. 
Then for every t £ [0, T], 

e - P (t) \ m \2 < f l e -p(s) | _ (j/ A K) || $(s) ||2 + £ | ai(S) Ms)) _ CT2 ( S; 02(s)) |2 a 

+|$( S )| 2 [ - P '(s) + 2 + ||<M S )|| 2 + M«)l2l } ds 

+ 2 /"*e-"W(ai(a)-a 3 (s), *(«)) ds + I(t), (3.31) 

JO 

tofcere J(i) = 2^ jj e~"W ([<n - <7 2 («, &(«))] <W(s),$(s)). 

Proof. Ito's formula, (3.15) and condition (A. 2) imply that for t £ [0, T], 

e-'W = ^ e-^ s > { - ^'( S )|^( S )| 2 + elcnCs, ^( S )) - a 2 ( S , 2 (s)) |' 

jo y 

+ 2 <F(0i(*)) - F(fa(s)) , $(*)> + 2([a(a, ^(s)) - <r(*, &(*))] ^(s) , *(«)) } ds 

+ f e-P^h^s) - a 2 (s) , $(s)) ds + I(t) 
Jo 

- p'(s) |<D( S )| 2 + e\at(s, fa(s)) - a 2 (s, <h{s))\\ Q - 2(u A k) \\<S>(s)\\ 2 
+ 4 Cl |$( S )| \Ms)\\ \\fa(s)\\ + 2Ms)\ 2 + 20^||*(«)|| |M«)lo |*00l}<*» 
+ f e-"W2(ffi(«) - ff 2 («) , $(*)) <k + 



The inequalities 4 Cl |$(s)| ||$( S )|| \\fa(s)\\ < ^||$( s )|| 2 + |^||0 2 ( s )f |$( s )p and 
2 V / I^||$( S )|| |M*)lo < ^||$( S )|| 2 + %a |^( s )|g |$( S )|2 conclude the 

proof of (3.31). □ 

We are now ready to prove the main result of this section. 
Proof of Theorem 3.1: 

Let Qt = [0, T\ x Q be endowed with the product measure ds (8) dP on B([0, T]) ® J 7 . 
Let £0,2 be defined by Proposition 3.10 with p = 2 and set £o := £0,2 A ^he 
proof consists of several steps. 

Step 1: Inequalities (3.21) and (3.29) imply the existence of a subsequence 
of {<^/j}n>o (still denoted by the same notation), of processes fa h £ L 2 (Qt,V) H 
L 4 (ft T >(D) 3 ) nL 4 (O,L°°([0,r],^)), F h e £ L 2 (ft T ,F'), £ L 2 (0 T ,L Q ), and 

of random variables <fit(T) £ L 2 (0, ff), for which the following properties hold: 
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(ii) <j>i >h - ^ weakly in L 4 (0 T , L 4 (£>) 3 ), 

(iii) 0^ ^ is weak star converging to <p £ h in L 4 (f2, L°°([0, T], H)), 

(iv) 4>n h (T) - 0|(T) weakly in L 2 (ft,tf), 

(v) -> ^ weakl y in i 2 (^T,F'), 

(vi) a n (4> e n h )P n -> S £ h weakly in L 2 (tt T ,L Q ), 

4 

(vii) a n {4>^ h )h -> 5^ weakly in L3(Q T ,H). 

Indeed, (i)-(iv) are straightforward consequences of Propositions 3.10 and 3.11, 
and of uniqueness of the limit of E J ^ h (t)tp(t)dt for appropriate ^. 
Furthermore, given ip = (v,r]) € L 2 (Oy, V), we have 
fT r 



E 



HM<,h(t)At)) + «^2(^ )h (t)),//(t))] dt 



= -uE f T (Vul h (t),Vv(t))dt-KE I" (yF njh (t),V V (t))dt 
Jo Jo 

-> -vR f {Vu E h (t),Vv(t))dt - kE I (V9 £ h (t),Vr]{t))dt. (3.32) 
Jo Jo 

Using (3.21) with p = 2, (3.8), (3.9), the Cauchy-Schwarz and Poincare inequalities, 
we deduce 

sup E [ T I (Bi«, h (t), < h (t)), v(t)) + (B 2 (4>l h (t)) , V (t)) + (R4> £ n Jt), m)\ dt 



< CsupE f {|K )h (t)|| K,(t)||b(t)|| + ||Ch.(i)ll 
n JO 

+ M0l + K A2 (t)| 



< C 3 (^K,if,T,M)(l + £|£| 4 ) +E / 

Jo 



Hence {B{4> e nh {t)) + R(p £ nh (t), n > 1} has a subsequence converging weakly in 
L 2 (r2r,U'). This convergence and (3.32) prove (v). 

Since P n contracts the | • |o and | • | norms, (A. 2) and (3.21) imply that 

supE / \a n (f njh (t))P n \l dt < KsupE [ (1 + \\<% th (t)\\ 2 )dt < oo, 

n Jo n Jo 

which proves (vi). Finally, using Assumption (A.l), Holder's inequality and (3.29), 
we deduce that for h £ Am, for any n > 1, 

E ( T \a n ((j) £ n h (s))h(s)\\ds < E f [K(l + \<j>^ h (s)\ 2 Li )] $\h{s)\l ds 
Jo Jo 

< Kl (E £ \h(s)\ 2 ds) 1 (E j\l + |^( S )|| 4 ] ds) 1 
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< C(M,T,K,K,U,K). 

This completes the proof of (vii). 

Step 2: For 5 > 0, let / G H l (-5,T + 5) be such that \\fWoo = 1, /(0) = 1 
and for any integer j > 1 set gj(t) = f(t)(fj, where {^>j}j>i is the previously chosen 
orthonormal basis for H. Ito's formula implies that for any j > 1, and for < t < T, 

4 

{4>l h (T) , 9j (T)) = (<^(0) , 5j (0)) +J2 p n,k, (3-33) 



i=l 



where 



T 



!n,k = / ( ( l )£ n,h(s),ip j )f'(s)ds, 

J 

Ilk = Vi / M<^))^«^n(s),*(s)), 
j 

4* = / Wn,^^),*^))^, 
JO 
/•T 

= / (Grn(<^,h(s))&(s), 
JO 

Since /' G L 2 ([0,T]) and for every X G L 2 (ft), (t,w) ■-> tpjX(u)f'(t) G L 2 (Q,H), 
(i) above implies that as n — > oo, J* fc — > (4> £ h (s),<pj)f'(s)ds weakly in L 2 (fi). 
Similarly, (v) implies that as n — > oo, fc — ► fT (F^(s), gj(s))ds weakly in L 2 (fi), 
while (vii) implies that k — > Jq (^Sf i (s),gj(s))ds weakly in L3(Q). To prove the 
convergence of I 2 k , as in [22], let Vt denote the class of predictable processes in 
L 2 (Qt, Lq{Hqi H)) with the inner product 

(G,J) Vt =e[ (G(s),J(s)) ds = E [ trace(G(s)QJ(s)*)ds. 
Jo T Jo 

The map T : V T -» L 2 {£1) defined by T(G)(t) = / Q T (G(s)dPF(s), 5j (s)) is linear 
and continuous because of the Ito isometry. Furthermore, (vi) shows that for every 
G G Vt, asm oo, (a n (^ h )P n ,G) VT -> {S e h ,G)v T weakly in L 2 (f2). 

Finally, as n ^ oo, P n £ = ^ & (0) £ in ff and by (iv), {^ h (T), 9j (T)) -> 
(4> £ h (T), gj(T)) weakly in L 2 (0). Therefore, (3.33) leads to, as n — > oo, 

(4>UT),< Pj )f(T)= + [ T (<t>Us),v j )f(s)ds + ^ f T {Sl(s)dW(s), gj (s)) 

Jo Jo 

+ [ (F^s), gj (s))ds+ [ (^( S ) jft -( S ))d«. (3.34) 

JO JO 

For 5 > 0, fc > |, t G [0,T], let / fc G fl" 1 (-«J,T + «5) be such that H/fcHoo = 1, f k = 1 
on (— 5,t - \) and fk = on (t,T + 5). Then / fc — > l(s,t) in £ 2 , and — > -<5 t in 
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the sense of distributions. Hence as k — ► oo, (3.34) written with / := yields 
= (^ l p j )-(^ h (t), < p j )+^(j*Sf l (s)dW(s),ip j ) 

+ ( J F%(a) ds , <p 3 ) + ( jf S£(«) ds , ^) . 
Note that j is arbitrary and E J Q T | jS^ (s) | ^ < oo; we deduce that for < t < T, 

m) = e + f SUs)dW(s) + f F^(s)ds + f S £ h {s)ds G H. (3.35) 
Jo Jo Jo 



Indeed, f£ F^(s)ds, as a linear combination of //—valued terms, also belongs to H. 
Moreover, let / = lfg,T+S)- Using (3.34) again, we obtain 

$%(T) = S + y/i f T S e h {s)dW{s)+ ( T F £ h {s)ds+ f T ~S e h {s)ds. 
Jo Jo Jo 

This equation and (3.35) yield that 4> £ h (T) = 4> £ h (T) a.s. 
Step 3: In (3.35) we still have to prove that ds <g> dP a.s. on CIt, one has 
SUs) = ms) = F(<ff h (s)) and S£(«) = <r(^00) h(s). 

Let 

X := {if>£L 4 (n T ,L 4 (Df)nL 4 (n,L oo ([0,T},H))nL 2 (n T ,V): 
(t)f + HW)\\ 2 )\m - <Pl(t)\ 2 dt < +oo a.*.}. 

Then (i)-(iii) yield (j) e h G X and since ||u|| < C(m)\u\ for every u G H m , using (3.8) 
and the fact that (jf h G L 2 (fi^, V), we deduce that for any m > 1, L°°(Qt, H m ) C X. 
Let ip = (u, rj) G L°°(Ot, #m)- For every t G [0, T], if a A 6 := inf (a, 6) and ci is the 
constant in (2.5), set 

r(t)= [ t \2 + ^\\i;(s)\\ 2 + ^^\h(s)\l\ds. (3.36) 



V A K V A K 

Then r(t) < oo for all t G [0,T] and Fatou's lemma implies 

E(|^(T)| 2 e-^ T )) < E( liminf \cf> £ n>h (T)\ 2 e~ r ^) < liminf E(|^(T)| 2 e~ r ^) . 

Apply Ito's formula to (3.35) and (3.16), and for <f> = (f> e h or eft = <fr £ n h , let (ft = 
tp + (</> — ip). After simplification, this yields 

E|C| 2 + E fe-rU [ - r'(s){\^ h (s) - V( S )| 2 + 2(^(s) - ^(s) , *(*))} + 2«W, ^(«)> 
J o 

+ e|5^( S )| 2 2 + 2(S£(s) , <f h ( S ))] < liminf (E|P n (0| 2 + X n ) , (3.37) 
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where 

X n = E /V*) [ - r'( S ){|^( S ) - ^( S )| 2 + 2(^ h («) - Ms) , Hs))} 
Jo 

+ 2{F(4F h {s)), 4>l h {s)) + e\a n {^ h {s))P n \l 2 + 2{a(^ h (s))h(s) , ^(s))} ds. 

Set a V 6 := max(a, 6). Inequalities (3.15), (A. 3), (A. 2), (3.36), the Poincare and 
Schwarz inequalities imply that for < e < £o < 

Yn := E [ T e- r ^[-r'(sW n , h (s)-iP(s)\ 2 
Jo 

+ [2(F(^,( S )) - Fty(s)), ^ h (a) - VOO) + ek««h(«)) P> - *n(V(«)) P n || Q 

+ 2({<7 n (^( S )) - a n (^(s))} fc(s), <jf n>h {s) - lp{s))]ds 

<E[ T e--W |«^( s ) - </^)| 2 { - r'( S ) + 2 + ^MVOOH 2 + 2 -^\h{s)\l}ds 

< 0. (3.38) 

Furthermore, X n = Y n + ^ 2 =i with 
T 

Zl = E / e" r(s) 



2r'( S )(<^ h ( S ) - ^(s), Y>(*)) + 2(F(^( S )), ^( S )> 
+ 2(F(^( S )), <h.(s)> " 2<F(^(s)), + 2e{<y n (^ h { S ))P n , a(</>( S )) 



+ 2{a n {^ h {s))h{s)^{s)) + 2(a^(s)) h(s),^ h ( S )) - 2(P n a^(s))h( S ),^(s)) 



ds, 



Zl = E / e" r(s) 



r 



2e(a n « h ( S ))P n , [a(^(fl))P n - cj^{s))]) Lq - e\P n a^(s))P n \l Q 



ds. 



The weak convergence properties (i)-(vii) imply that, as n — > oo, — ► where 
Z 1 = E / [ - 2r'(s) {f h { 8 ) - ^(s)^{s)) + 2{Ff l (s)Ms)) + 2(F^(s)), #(,)) 



- 2(Fty(a)), ^00) + 2e , <x(V(s))) iQ + 2(^( S ), V(s)) 

+ 2(cr(^( s )) - 2(cr(^( a ))/i(8), i>(s)) ] ds. (3.39) 

Now we study (Z%); when n — ► oo, |<r(^(s))(P n — Idu )\L Q a.s., and by (A. 2), 

E f e~ r ^ sup \a{i>{s)){P n - Id Ho )\ 2 L ds < oo. 

Jo n 

Hence the Lebesgue dominated convergence theorem implies that, as n — » oo, 
E [ T e- r ^\a(i;(s))(P n - Id Ho )\l Q ds 0. 



o 
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Since sup„E j e r ^\a n ((j)f l h (s))P n \ 2 LQ ds < oo, by the Cauchy-Schwarz inequality, 

we see that Z 2 -> -eE J Q T e- r ^\a(ip{s))\l ds. 

Thus, (3.37)-(3.39) imply that for any m > 1 and any ip G L°° (£1? , H m ) , 



E 



e-»"(.){ _ r'( S )|^( S ) - V(s)| 2 + 2^) - ^(s) - V(*)> 



+ e|^( S ) - a^(s))\ 2 LQ + 2(^( S ) - *M8))h(8) , - }ds < 0. (3.40) 

By a density argument, this inequality extends to all tj) G X. Taking tp = (f>% G X, 
we conclude that S^(s) = <r(</>|(s)) (is (8) dP a.e. For a real number A, tp = (v,r)) G 
L°°(QT,H m ) for some m, set = 4> e h — Xi(j G A". Thus applying (3.40) to an d 
neglecting e|cr(^(s)) — o"(^ , a(*))|x, , we obtain 



E 



-r(s) 



+ {S £ h (s) 



ds < 0. 



(3.41) 



Using (A. 2), (2.5) and (2.6), we have for almost every (s,uj) G CIt as A — ► 0, 



|([cr(^ A ( a )) - a(^ h (s))} h(s) , j,(s)) \ < c\ c 2 A U(s)\\ |M*)lo |Y>OOI - 0. 
Furthermore, (A.l) (2.5) and (2.6) imply that for some constant c > 0, 



E 



sup 

|A|<1 



T 



ds 



< VKcE 



o 



;i + 2||^( S )|| 2 + 2||V;( S ))|| 2 )5 \h(s)\ \1>(s)\d8 



< c KM + E 



T 







{l + 2Ul{s)\\ 2 + 2U(s)\\ 2 }\^(s)f 



ds < oo. 



Hence, the Lebesgue dominated convergence theorem yields, as A — > 0, 
E 



o 







)ds - 









Furthermore, (3.15) yields for A ^ 

|<^(^ A (^)) - ^(0^( S )),^( S )>| < A 2 [(z, /\ ||V5( S )|| 2 -h 2 Cl ||^( S )|| 2 |^( S )| + |-0( S )| 2 
Using again the dominated convergence theorem, we deduce as A — ► 0, 

E [ T {ms)-F(Ms))Ms))ds^E [ T (Ff L ( S )-F(^ h ( S ))^(s))ds. 
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Thus, dividing (3.41) by A > and letting A — > we obtain that for every m and 



E 



(F^(s) - F(0%(s)U(s)) + {{S e h (s) - a(<l>Us))}h(s), *P(s)) 



ds < 0, 



while a similar calculation for A < yields the opposite inequality. Therefore for 
almost every (s,ui) E Qt, for every ip in a dense subset of L 2 (Qt, V), 



E 



[F%(s) - F(^( S )) , V(s)> + {{Sl(s) - a(<l>Us))}h(s)Ms)) ds = 0. (3.42) 



Hence a.e. for t £ [0, T], (3.35) can be rewritten as 



m)=Z + yfc a(<kl(s))dW s + [F(<l>tis))+(T{<l>Us))Hs)]ds. 
Jo Jo 

Furthermore, (i), (iv) and (3.21) for p = 2 imply that 



(3.43) 



E 









[ UUt 


)\\ 2 dt) 


< supE f 


10 




n Jo 



dt <C(l + £|£| 4 ), (3.44) 



E( sup |<^(i)| 4 ) < su P E( sup W nyh {t)\ A ) <C(l + E\tf). (3.45) 

Since |x| 2 < 1 V |x| 4 for any this completes the proof of (3.5). 

Step 4: To complete the proof of Theorem 3.1, we show that <j) e h has a C([0, T], H)- 
valued modification and that the solution to (3.43) is unique in X := C([0,T], H) n 
L 2 ([0,T],V). Note that (3.5) implies that if f N = inf{< > : \(f>%(t)\ > N} A T for 
N > 0, ¥(f N < T) < CN~ 2 . The Borel-Cantelli lemma yields f N -> T a.s. when 
iV -> oo. 

We at first prove uniqueness. Let tp = (v,rj) £ X be another solution to (3.43). 
Then if f N = M{t > : \ip(t)\ > N} A T for N > 0, since |^(.)| is a.s. bounded on 
[0, T], as JV — ► oo, we have tat — ► T a.s. and hence tjv = tjv A f jy — > T, a.s. 

Let 0| = {u e h -,0%), ^ = <Ph — fp, and a = — ^, where ci is the constant defined 
in (2.5). Set := a||-i/ ; (t)|| 2 , h £ := /i, cri = 02 = <r, o = a, o\ = 02 = 0. Then 
01 = <p e h and 4>2 = tp satisfy (3.30). Set 

J(t) = sup2y^ [\~ a fo M( r )\\ 2dr ([a^lis)) - a(^j(s))] dW(s) , *(a)Y 
Then using Lemma 3.12 and condition (A. 3) yields for < e < Eq < 



0): = e-rt tATN ^\$(t Arjv)| 5 



< l(tAT N ) + J e-"W|[eL-i/AAe] ||$(s)|| 2 

|2 2LciC2 



+ |$( S )| 2 [ - a||^( S )|| 2 + 2 + -^H|Y>(s)|| 2 + ^Pl^)| 2 o] }& 

V f\ K J 



20 



J. DUAN AND A. MILLET 



Thus 

C(t) + ^Y(t) < f f^^L \ h (s A r n )\l + 2)Q{s) ds+l(t A r n ), 

where Y(t) = Jq* At ™ e~ p<yS ^ ||$(s)|| 2 ds. Burkholder's inequality and Assumption 
(A. 3) imply that for all /3 > and e £ [0,eo], 

(/•tArjv si n r _ 

/ e - 2 'ML||$( S )|| 2 |$(s)| 2 d S ) 2 </?E sup C(s)+^Ey(t). 
Jo y 0<s<< P 

/2LciC2 It f » T „\|2 , oU./' 2A/LciC2 



Since £ {^r\h{s A rjv)|§ + 2) ds < 2M v L A c R lC2 + 2T := C, Lemma 3.9 implies that 

~ £p L ^ v/\t 
(3—2 



for (3 = (2[1 + Ce 6 ])" 1 and e L small enough to have < ^ P, one has 



E sup e-°/o TAr H^ p )ll a * |$( s Atjv)| 2 = 0. (3.46) 

0<s<T 

Since limjv-»oo'nv = T a.s., we thus deduce |$(s,u;)| = a.s. on fix- Thus if 4> e h is 
in C([0,T],H), we conclude that cjf h {t) = ip(t), a.s., for every t G [0,T]. 

Finally, set 

p'W = II^WII 3 + 2 + ^ |M-)I8, (3-47) 



v A k v A K 

let /i £ := /i, <ti = P n crPn, cr 2 = a, o\ = 0, ct 2 (s) = [a(cj> s h (s)) - P n a(cj) 6 h (s))] h(s) 
and a = P n cr- Then = J p'(s)ds < +oo a.s. Then 4>\ = 4> £ nh and 02 = ¥h 
satisfy (3.30). Set $ E n h = <fa >h - 4> £ h and let < e < e < ffi. By Lemma 3.12 and 
condition (A. 3), we deduce that for every t G [0, T], 

E(e-^|*^ fc (t)| a ) <mJ\-^{[2sL - (u A «)] ||^J| 2 + 2e|P B a(#( fl ))P B - <r(^(*))| 
+ l*^(-)l 2 [ - m + 2 + ^rll^WII" + 2J ^\Ks)\l] } ds 

Is /\ rx, Is /\ f% s 

+ E f e-W 2 1^001 |P„er(^(s)) - er(^(*)U |M*)|o 
JO 

where 

ft(t,n)=E r[2e|P„a(^( S ))P„-a(^( S ))|L + |Pn?(^W)-^W)li Q ]da s 



and the last inequality follows from Schwarz's inequality and the definition of p. 

Furthermore, for almost every (s,u), one has \P n a(<j) e h {s))P n — f (0|(s))|lq — > 
and \P n a(4> s h (s)) — cK<%(s))|lq — ► as n — ► oo. Thus the dominated convergence 
theorem shows that lim n sup t TZ(t, n) — ► 0, and thus that h"m n _ )00 I(n) = 0, where 

/(n)= sup E(e-^)|$^(t))| 2 )+E / T e-^)||^( S )|| 2 &. 

0<t<T JO 
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Using again Lemma 3.12 and the Burkholder-Davies-Gundy inequality, a similar 

uAk 
4L 



computation yields that for < e < £q < ^vr'- 



E( sup e-^\^ nh (t)\ 2 ) < h( sup e-^\^ nh (t)\ 2 

v 0<t<T 7 ^ v 0<i<T 

+ 18eE jfV'W \a n (cj>l h (s))P n - a(<PUs))\l Q ds 

+ e£ [2e\P n a(<Pl(s))P n - <x(<^( S ))|| Q + |P„*(^(a)) - er(^(a)|£ ] ds 

< C[l(ra) + ft(T,n)]. 

Therefore, ^ ^ has a subsequence converging a.s. uniformly to (j>f in 77. Since 
cj) e nh G C([0, T], 77), we conclude that <\> e h has a modification in C([0, T], 77). □ 



4. Large deviations 

We consider large deviations via a weak convergence approach [1, 2], based on 
variational representations of infinite-dimensional Wiener processes. The solution 
to the stochastic Benard model (2.9) is denoted as (\f = Q e (\feW) for a Borel mea- 
surable function Q e : C([0,T],77) -> X. The space X = C([0, T]; 77) n 7 2 ((0, T); V) 
endowed with the metric associated with the norm defined in (3.4) is Polish. Let 
B(X) denote its Borel a— field. We recall some classical definitions. 

Definition 4.1. The random family {4> £ } is said to satisfy a large deviation principle 
on X with the good rate function I if the following conditions hold: 

I is a good rate function. The function I : X — ► [0, oo] is such that for each 
M G [0, oo[ the level set {(ft G X : I{4>) < M} is a compact subset of X. 
For A G B(X), set 1(A) = inf 06A 7(0). 

Large deviation upper bound. For each closed subset F of X: 

limsup elogP((f G F) < -7(F). 

Large deviation lower bound. For each open subset G of X: 
lim inf elogP(0 e G G) > -7(G). 

To establish the large deviation principle, we need to strengthen the hypothesis 
on the growth condition and Lipschitz property of a (and a) as follows: 
Assumption A Bis There exist positive constants K and 7 such that 
(A.4) \a(t, 4>)\\ Q < K (1 + |0| 2 ), V< G [0, T], V0 G V. 

(A.5) 0) - <r(t, V)|| Q < 7 |^) - ^| 2 , Vt G [0, T], V0, ^ G F. 

Note that due to the continuous embedding V 77, assumptions (A.4-A.5) 
imply (A. 2- A. 3) as well as (A.1-A.2). Thus the conclusions of Theorem 3.1 hold if 
a = a satisfy assumptions (A. 4- A. 5). 
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The proof of the large deviation principle will use the following technical lemma 
which studies time increments of the solution to the stochastic control equation. For 
any integer k = 0, • • • , 2 n - 1, and s G [kT2~ n , (k + l)T2~ n [, set s n = kT2~ n and 
s n = (k + l)T2 n . Given N > 0, h G Am, e > small enough, let (jf h denote the 
solution to (3.2) given by Theorem 3.1, and for t G [0, T], let 

G N (t) = {u : (^supJ^WHI 2 ) V ( jT||^( fl )(w)|| a £ta) < n}. 

Lemma 4.2. Let M,N > 0, a and a satisfy Assumptions (A.1),(A.4) and (A.5), 
£ G L 4 (Q,i?) be -measurable and (j) 6 be a solution to (3.2). Then there exists 
a positive constant C := C(y, k,K, L,T, M,N,£q) such that for any h G Am, £ G 
[0,eo], 

I n (h,e):=E\l GN(T) [ \f h (s)-<f>Us n )\ 2 ds\ < C2"§. (4.1) 
L Jo J 

Proof. Let h G Ami £ > 0; Ito's formula yields I n (h,e) = J2i<i<6 ^n,i, where 
I nil =2v^e(i Gjv(t) ^ds f'\^ h (r))dW r ,<f> e h (r)-^ h ( 8 )j), 



/ n , 2 =eE(l Gjv(T) ^ ds jf |a(^(r))H Q dr), 

J„, 3 =2E(l GN{T) Fds [ S \a(f h (r))h(r) , cf>i(r) - f h (s)) dr), 



T 



/„, 4 = -2E(l Gjv(T) J ds J [u(A lU Ur),uUr)- U l(s))+K(A 2 ei(r),eUr)-9Us))]drj, 
I n , 5 = -2E(l Gjv(r) Fds j Sn {B(4> e h {r)),4> E h {r) - </> e h (s))drj. 



J n , 6 =2E(l Gjv(T) £d8 J\u% 2 {r)Mr) ~ ^W) + (^(r),< 2 (r) - < 2 (s))]dr 

Clearly Gjy(T) C Giv(r) for r G [0, T]. The Burkholder-Davis-Gundy inequality, 
(A. 4) and the definition of Gjv(r) yield for < £ < £o 

< 2ViE/ / (a(^(r))diy r ,^(r)-^(s))l Gjv(r) 



T , rSn si 



< 6y/ij rf S E(y k(^(r))|| Q |^(r)-^(s)| 2 l Gjv(r) dr) 5 

< l2y/e^/KN{l + N) j ds (T2~ n )^ < C(e , K, N,T)2~% . (4.2) 

JO 



Property (A. 4) implies that for e < £q, 



In,2\ < eKE(l GN{T) £dsj°"{l + \4> £ h {r)\ 2 )dr) < e K(l + N)T 2 2~ n . (4.3) 
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Schwarz's inequality, Fubini's theorem, (A. 4) and the definition of Am yield 
|I n , 3 | < 2v^E(l GV(r) ^£ n (l + |^(r)| 2 )^|/ i (r)|o|^(r)-^( S )|dr) 

< 4^KN(1 + N)eJ \h(r)\ dr I 'da < C(K, N, M,T)2~~ n . (4.4) 
Schwarz's inequality and (3.5) imply that for some constant C := C(sq, re, T) 
i»,4 < e( W) j*dsjy r [- v\\u%{r)f - 40 £ h(r)\\ 2 + "K(r)||K(«)ll 

+K\mr)\\\ms) 

< v -±^e(i Gn[t) 







! ds\\4 


l(s)\\ 2 f n dr) 


lo 





Inequalities (3.5), (3.8) and (3.9), Schwarz's inequality and Fubini's theorem imply 
that for some constant C := C(eo,u,K,K,T), 

|I n , 5 | <2 Cl E(l Gjv(T) ^£dr[|<(r)|||<(r)||(||<(r)|| + ||<( S 

+ l^(r)|||^(r)||(K(r)|| + \\9t(s)\\ ~ 

<3 C1 VNE f dr{\\ui(r)f + W h {r)t) I ds 

JO Jr n 

+ Cl VNE ds(\\u £ h (s)\\ 2 + \\<j> e h (s)\\ 2 ) / dr<VNC2~ n . (4.6) 

JO Js 

Finally, Schwarz's inequality implies that 



T , f Sn n x, „ Sl ,« ( in , \ 16T 2 iV 



|/ n)6 | < 4E(l Gjv(T) y y (|4(r)| + 14001) (I + |0£(a)|)dr) < 

(4.7) 

Collecting the upper estimates from (4.2)-(4.7), we conclude the proof of (4.1). □ 

Let £o be defined as in Theorem 3.1 and (h e , < e < eo) be a family of random 
elements taking values in Am- Let <f> e h be the solution of the corresponding stochastic 
control equation with initial condition (0) = £ € H: 

d<j>% s + [AcPl + B(cPl) + RcPiJdt = a(<f>%Jh E dt + ^ a(cf>%)dW(t). (4.8) 
Note that (jf he = Q e (y/e(W, + J Q h E (s)ds) \ due to the uniqueness of the solution. 

For all oj and h G L 2 ([0, T], Hq), let ^ be the solution of the corresponding control 
equation (3.6) with initial condition 4>h(0) = £(cj): 

d<t> h + [A(j) h + B(<t> h ) + R(f> h ]dt = a{<j) h )hdt. (4.9) 
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Note that here we may assume that h and £ are random, but fa may defined 
pointwise by (3.6). 

Let C = {J h(s)ds : h G L 2 ([0, T],Hq)} C C([0, T],Hq). For every u G 0, define 
<5° : C([0,T],H ) - X by S (<?)(u;) = h (w) for 5 = f Q h(s)ds G C and G°{g) = 
otherwise. 

Proposition 4.3. (Weak convergence) 

Suppose that a does not depend on time and satisfies Assumptions (A.l ), (A. 4) and 
(A.5). Let £ G H, be To -measurable such that E\£\j] < +oo, and let h e converge to 
h in distribution as random elements taking values in Am- (Note that here Am is 
endowed with the weak topology induced by the norm defined in (3.4) ). Then as e — > 
0, (jf h converges in distribution to 4>h in X = C([0, T];H) n L 2 ((0,T);V) endowed 

with norm (3.4). That is, G e (ye(W. + ^ J h £ (s)ds)^j converges in distribution to 

G°(fo h(s)ds) in X , as e -> 0. 

Proof. Since Am is a Polish space (complete separable metric space), by the Sko- 
rokhod representation theorem, we can construct processes (h E , h, W) such that the 
joint distribution of (h e ,W) is the same as that of (h e ,W), the distribution of h 
coincides with that of h, and h e — > h, a.s., in the (weak) topology of Sm- Hence a.s. 
for every t G [0, T], J h £ (s)ds — f£ h(s)ds — ► weakly in Hq. Let <3? £ = <j>^ — fa, or 
in component form <3? e = (U £ , Q e ) = (u 6 ^ — 11^,9^ — then 

d$ E + [A$ £ + B(<f>lJ - B(<f> h ) + m £ }dt 

= [a(tlJh £ -a(fa)h)dt + y/Ia((/>lJdW(t), $ e (0) = 0. (4.10) 

Let £o be defined as in Theorem 3.1. Set o~\ = a, oi = 0, a = a, a\ = 0, ^(s) = 
o{fa{s))(h £ {s) — h(s)) and p = 0. Then fa = fa h and fa = 4>h satisfy (3.30). Thus, 
Lemma 3.12, (A.4) and (A.5) yield for < e < e A 



|^(i)| 2 +(^ A«) f \\$ £ (s)\\ 2 ds < J2m,e) 

J ° i=l 



■^\\Ms)\\ 2 + 2J ^\h(s)\l 



V A K 



V A K 



ds, 



(4.11) 



where 



ri(t,e) =2v^ / ($ e (s),(r(^»)dW( S )) 
j 

r 2 (t,e) =eK / (l + \fa hs (s)\ 2 )ds, 

JO 

T 3 (i, e) =2 / (a(fa(s)) {h £ (s) - h(s)) , $ e (a)) ds. 

JO 

Our goal here is to show that as e — ► 0, sup 0<t<T \& £ (t)\ 2 + J Q T \\& £ (s)\\ 2 ds — > 
in probability, which implies that fa e — > fa in distribution in X := C([0, T];H) H 
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L 2 ((0, T); V). Fix N > and for t G [0, T] let 



G N (t) = { sup |^(s)| 2 < N\n{ / ||<^(s)|| 2 cfe<iv), 



G N , £ (t) = G N (t)n{ sup |0L(*)l 2 <;v}n{ /'VL(s)|| 2 d s <iv}. 

Claim 1. For any e > 0, sup sup P(Gn, s (T) c ) — > as iV — >■ oo. 

o<e<£o h,h e eA u 

Indeed, for e > 0, h, h s G the Markov inequality and estimate (3.5) imply 
P(G^(T) C )<P( sup \Ms)\ 2 >n)+f( sup |<^(s)| 2 >iv) 

v 0<s<T 7 v 0<s<T 7 

+ P (||^( S )|| 2 d,s > n)+f(£ Ul(s)\\ 2 )ds > N) 

<I sup E( sup |^( S )| 2 + sup |<^»| 2 + A||0 h (*)|| 2 + ||^>)|| 2 )<fe) 

iv h,h e £A M K 0<s<T 0<s<T JO J 

< Ci(u,k,K,L,T,M) (l + E^N' 1 . 

Claim 2. For fixed N > 0, h, h e G *4m such that as e —> 0, /i e — > h a.s. in the weak 
topology of L 2 ([0, T], Ho), one has as e — > 



E 



1g w .(t)( sup |$ £ (t)| 2 + / ||$ £ 

v 0<i<T Jo 



eft 



0. 



(4.12) 



Indeed, (4.11) and Gronwall's lemma imply that on Gat j£ (T), 
sup \<S> £ {t)\ 2 < \ sup (Ti(t,e)+T 3 (t,e)) +eKT{l + N) 

0<t<T l 0<t<T 



e" 1 ^ 



Thus, using again (4.11) we deduce that for some constant C = C(y, k, K, L, T, M, N), 
one has for every e > 0: 



E(l GjV£ ( T) l^l 2 ,) <C ^T(l + iV)+E l GjVe(T) sup +T 3 (t,e)) 



0<t<T 



(4.13) 



Since the sets Gjv )£ (.) decrease, E(l(j JV sup 0<i<T |Ti(i,e)|) < E(A £ ), where 
A £ :=2 V / F sup ri GjV£(s) ($ £ ( S ),a(^( S ))^( S )) 

0<<<T Jo 

The scalar-valued random variables A e converge to in L 1 as e — > 0. Indeed, by the 
Burkholder-Davis-Gundy inequality, (A. 4) and the definition of Gjve( s )> we have 

E(A e ) < 6V^^{£ l GNA s)\Ms)\ 2 H<l>l(s))\i Q dsy 



r / l G „ e(s) tf(l + |<^ e ( 5 )| 2 )d s } 
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< u^Vkt(i + n). 



(4.14) 



For k = 0, • ■ ■ , 2 n set tfc = kT2 n ; for s i/t+i], set s n = tk+\ and s n = tk- Then 
for any n > 1, 



E^l 



3 

'-Gjv e (T) sup |T 3 (t,e)|) <2 Vf 4 (iV,n,e) + 2E(r4(iV,n,e, 

0<t<T y ~} 

where 

ri(JV,n,e) =E[l 



"))■ 



f 2 (JV,n,e) =E 
f 3 (iV,n,e) =E 



l G N , e (T) Slip 
0<t<T 

Ig^^t) sup 

0<t<T 



G Ne (T) sup sup 

l<k<2 n i fc -l<*<*fc 

2' 



f (a(^( S ))(/t £ ( S ) - M^) , [* 6 («) - $e(Sn)])ds 

))] (h e (s) - h( S )) , MSn))ds 

'Mtk)) f (h £ ( S )-h(s))ds, $ e (t fc ))| 

f 4 (N, n, e) =Ig nA t) £ | (<K<^(4)) / - ds , $ e (t fc )) . 

fe=i ^*fc-i 

Using Schwarz's inequality, (A. 4) and Lemma 4.2, we deduce that for some constant 
Ci := C(v,k,K,T,M,N) and any e G]0,s o ], 

fi(JV,n,e) < V^E[l GjVe(T) / T (1 + \cj> h {s)\ 2 )^\h E {s) - h(s)\ |* e (a) - $ e (l„)| 



< 



-fc(a)lo^ 5 



x E 



L ' Jo 

<C x 2-l. (4.15) 

A similar computation based on (A. 5) and Lemma 4.2 yields for some constant 
C 2 := Civ, k, K, L, T, M, N) and any e e]0, e ] 

f 2 (N, n, e) < VI(m[i GnAt) f^s) - <p h {s n )\ 2 ds] ) 5 (e j T \h E {s) - h(s)\ 2 4N ds) 5 
<C 2 2~t. (4.16) 

Using Schwarz's inequality and (A. 4) we deduce for C3 = C(K, N, M) and any 
e E]0,e ] 

f 3 (iV,n,e) < Vke[i Gjv ^ (t) sup (l + |^(t fc )| 2 )* /" * \h E (s) - h(s)\ ds |$ e (i fc )| 

L ' l<fc<2™ Jtfe-i 

<2 A /^iV(l + A r )E( sup ! k \h £ {s) - h{s)\ ds) 
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<&y/KN(l + N)yfM2- ! 5 =C 3 2~2. (4.17) 

Finally, note that the weak convergence of h e to h implies that for any a,b G [0, T], 
a < 6, as e — > 0, the integral f h e (s)ds — > f h(s)ds in the weak topology of //o- 
Therefore, since for <f> £ H the operator <r(0) is compact from Hq to -ff, we deduce 



that 



a 



£ h £ (s)ds - J\(s)ds) 



-> as e — > 0. Hence a.s. for fixed n as e — ► 0, 

T±{N,n,e,u) ->• 0. Furthermore, T 4 (N, n, e, u) < \J~K\J\ + NV4N yfM and hence 
the dominated convergence theorem proves that for any fixed n, E(T , 4(A r , n, e)) — ► 
as e — >■ 0. 

Thus, given a > 0, we may choose uq large enough to have (C\ + C"2)2 _ ~ + 
C^T~~ < a for n > no- Then for fixed n > no, let £\ g]0,£o] be such that for 
< e < ex, E[r 4 (JV,ra,e)] < a. Using (4.15)-(4.17), we deduce that for e e]0,Ei], 



E 



l GjVE (T) sup \T 3 (t,e)\ <2a. (4.18) 

0<t<T J 



Claim 2 is a straightforward consequence of inequalities (4.13), (4.14) and (4.18). 
To conclude the proof of Proposition 4.3, let 8 > and a > and set 

A e := \$ £ \ 2 X = sup \Mt)\ 2 + f T \\^(s)fds. 

0<t<T JO 

Then the Markov inequality implies that 

P(A e > 8) = P(G N , £ (T) C ) + ^E(l GjVs(T) |$ e ||) 

Using Claim 1, one can choose N large enough to make sure that P(Grjv i£ (T) c ) < a 
for every e < eo- Fi x N ; Claim shows that for e small enough, E^l GjVe (- r )|<l> £ |^^ < 
(5q. This concludes the proof of the proposition. □ 

The following compactness result will show that the rate function of the LDP 
satisfied by the solution to (4.8) is a good rate function. The proof is similar to that 
of Proposition 4.3 and easier. 

Proposition 4.4. (Compactness) 

Let M be any fixed finite positive number and let £ £ H be deterministic. Define 

K M = G C([0,T];H) nL 2 ((0,T);U) : h G S M }, 

where (f>h is the unique solution of the deterministic control equation: 

d4h{t) + [Mh{t) + B(<t> h (t)) +R4>h{t)]dt = a(fa(t))h(t)dt, M0) = e, (4-19) 

and a does not depend on time and satisfies (A.l), (A.4) and (A. 5). Then Km is 
a compact subset of X. 

Proof. Let {<p n ) be a sequence in Km, corresponding to solutions of (4.19) with 
controls (h n ) in Sm- 

# n (t) + [A4* n (t) + B((j) n (t)) + R(j) n (t)]dt = o-{<p n {t))h n {t)dt, n (O) = £. (4.20) 
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Since Sm is a bounded closed subset in the Hilbert space L 2 ((0,T);H ), it is weakly 
compact. So there exists a subsequence of (h n ), still denoted as (h n ), which converges 
weakly to a limit h in L 2 ((0,T); Hq). Note that in fact h S Sm as Sm is closed. 
We now show that the corresponding subsequence of solutions, still denoted as (<fi n ), 
converges in X to <j> which is the solution of the following "limit" equation 



dct){t) + [A<f>(t) + B((j>(t)) + R(j)(t)]dt = a(<p(t))h(t)dt, 0(0) = f . 



(4.21) 



This will complete the proof of the compactness of Km- To ease notation we will 
often drop the time parameters s, t, ... in the equations and integrals. 

Let = — 4>, or in component form = (U n , 6 n ) = (u n — u,8 n — 9); then 

d$ n + [A<f> n + B(<f> n ) - B(<t>) + R$ n ]dt = [a{<t>n)h n ~ a(^)h]dt, $ n (0) = 0. (4.22) 

Set u\ = a 2 = 0, a = a, u\ = 0, a 2 {s) = a{4>(s)) [h(s) - h n (s)], h £ = h n , p = 0. 
Then 0i := 4> n and 02 '■= 4> satisfy (3.30). 

Thus Lemma 3.12 yields the following integral inequality 



|$ n (t)r+(i/A K 

rt 

+ 



\QJsWds < 2 



cr 



(0(a)) [fc(a) - M«)] , $ n (s)) (is 



o 



2 + 



2LciC2 



^ I*»WIS} l*»WI : 



(4.23) 



For N > 1 and fc = 0, ••• ,2^, set t k = k2~ N . For s £]t k -i,t k ], 1 < k < 2 N , let 
sn — ife- Inequality (3.7) implies that there exists a constant C > such that 

r-T 

|2 i n f.\\2\ 



sup 



sup 



t)| 2 + |0n(i)| 2 ) + 



n L 0<t<T 

Thus Gronwall's inequality implies 



*)ll 2 + 







C < +oo. 



where 



sup|$ n (i)| 2 < exp 2T + 



t<T 



8c 2 C 2LciCiM 



V A K 



+ 



i=l 



(4.24) 



rl 

ViV 



ViV 



/ 3 



n,Af 



(0(a)) [h n (s) - h(s)} , $„(*) - $„(sjv)) I <fe, 



T 



[a((j)(s)) — (t(4>(sn))] [h n (s) — h(s)] , <3? 



ds. 



sup sup 

Kfc<2 JV £fc-l<*<*fc 



o{4>{t k )) / (/i n (s) - /i(s))ds , $„(t fc ) 



J n,iV 



^(*(0(*k)) / [h n (s)-h(s)]ds , $ n (t k ) 
k=l Jtk -^ 
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Schwarz's inequality, (A. 4), (A. 5) and Lemma 4.2 imply that for some constant C 
which does not depend on n and N, 



T , I 

2 



J iU^(y K{i + c)\h n (s)-h{ s )\ids 



T I 



IV 



< C2"- , (4.25) 

/.J 1 i #.T . l 

< (L / \<f>(s) - tj>(s N )\ 2 d8Y (C \h n (s)-h(s)\ldsY <C2-T , (4.26) 







- t n,AT 

7* iJV < K(l + sup |0(t)|) sup (|0(t)| + n (t)|)2-T 2M < C 2-t . (4.27) 



Thus, given a > 0, one may choose iV large enough to have sup n N — 

Then, for fixed iV and /c = 1, • • • , 2^, as n — > oo, the weak convergence of /i n to ft. 
implies that of ^(h n (s) — h(s))ds to weakly in Hq. Since a((f)(tk)) is a compact 

operator, we deduce that for fixed k the sequence a(4>(tk)) ^(h n (s) — h(s))ds 

converges to strongly in H as n — > oo. Since sup n sup fc |$ n (^fc)| < 2(7, we have 
lim n /^ jy = 0. Thus as n — > oo, sup 0<t<T |$ n (t)| 2 — > 0. Using this convergence and 
(4.24), we deduce that ||$n||x — ► as n — > oo. This shows that every sequence in 
i^M has a convergent subsequence. Hence Km is a compact subset of X. □ 

With the above results, we have the following large deviation theorem. 

Theorem 4.5. Suppose that a does not depend on time and satisfies (A.l), (A. 4) 
and (A.5), let <j) £ be the solution of the stochastic Benard problem (2.9). Then {(j> £ } 
satisfies the large deviation principle in (7([0, T]; H) n L 2 ((0,T);V), with the good 
rate function 

IM)= inf I- [ \h(s)\lds\. (4.28) 

{heL2(0,T;H ):f=g°(f h(s)ds)} 12 J J 

Here the infimum of an empty set is taken as infinity. 

Proof. Propositions 4.4 and 4.3 imply that {0 e } satisfies the Laplace principle which 
is equivalent to the large deviation principle in X = (7([0, T], H)r\L 2 ((0, T), V) with 
the above-mentioned rate function; see Theorem 4.4 in [1] or Theorem 5 in [2]. □ 
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